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Abstract This study numerically investigates the inﬂuence of material heterogeneity on the strength and
deformation behavior and the associated microcracking process of a felsic crystalline rock using a grain-
based modeling approach in two-dimensional Particle Flow Code. By using a heterogeneity index deﬁned in
this study, the heterogeneity induced by variation of grain size distribution can be explicitly incorporated into
the numerical specimen models quantitatively. Under compressive loading, the peak strength and the elastic
modulus are found to increase as the numerical model gradually changes from heterogeneous to
homogeneous, i.e., a decrease of heterogeneity index. Meanwhile, the number of grain boundary tensile
cracks gradually decreases and the number of intragrain cracks increases at the moment of failure. However,
the total number of generated microcracks seems not to be signiﬁcantly inﬂuenced by heterogeneity. The
orientation of grain boundary microcracks is mainly controlled by the geometry of assembled grain structure
of the numerical specimen model, while the orientation of intragrain microcracks is to a large degree
inﬂuenced by the conﬁnement. In addition, the development of intragrain cracks (both tensile and shear) is
much more favored in quartz than in other minerals. Under direct tensile loading, heterogeneity is found to
have no signiﬁcant inﬂuence on the simulated stress-strain responses and rock strength. Only grain boundary
tensile cracks are generated when the numerical models are loaded in direct tension, and the position of
generated macroscopic fracture developed upon failure of the specimen is largely affected by heterogeneity.
1. Introduction
Rock is typically a heterogeneous material composed of different types of inherent microstructures. The
microstructures of a rock at the grain scale are usually associated with different mineral aggregations and
microdefects such as microcracks, voids, and cleavage planes [Duan and Kwok, 2016; Hallbauer et al., 1973;
Kranz, 1983; Olsson and Peng, 1976]. Numerous laboratory test results indicate that the strength and deforma-
tion responses and the associated microcracking behavior of rocks are to a large extent affected by the inter-
nal microstructures [Brace et al., 1966; Eberhardt et al., 1998; Fredrich et al., 1990; Martin and Chandler, 1994;
Wong, 1982a; Zhao et al., 2014].
The aggregation of internal microstructures introduces the material heterogeneity of the rock. One key effect
of material heterogeneity is the creation of local tensile stress concentration even when the rock is subjected
only to compressive loading [Blair and Cook, 1998a; 1998b; Gallagher et al., 1974]. Previous studies reveal that
the primary mechanism of crack initiation, propagation, and coalescence is due to local tensile cracking. The
shear cracking becomes dominant when sufﬁcient tensile damage has been generated or the applied con-
ﬁning pressure is sufﬁciently high [Brace et al., 1966; Diederichs, 2003; Martin and Chandler, 1994;
Tapponnier and Brace, 1976]. Therefore, the material heterogeneity is an important factor that needs to be
considered when studying the microcracking behavior of rocks. The heterogeneity effect on the microcrack-
ing behavior of rocks, however, is difﬁcult to be studied in laboratory testing because the rock specimenmust
be destroyed if the internal heterogeneity is to be observed and characterized. Although X-ray computerized
tomography can successfully differentiate the microdefect phase and mineral phase without destroying the
specimen, the different constituent minerals are difﬁcult to be distinguished [Geraud et al., 1998; Peng et al.,
2015; Ren and Ge, 2004; Suﬁan and Russell, 2013]. Alternatively, numerical methods have had some prospects
of success in recent years to investigate the heterogeneity effect on the cracking processes of rocks.
In general, two approaches are available for incorporating material heterogeneity into numerical models. In
the ﬁrst approach, which is known as the implicit approach, the material heterogeneity is implicitly
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incorporated via a stochastic distribution of rock properties. For example, a Weibull distribution is used to
account for the failure strength and elastic modulus of elements which are randomly distributed throughout
the specimen [Tang et al., 2000]. The heterogeneity effect on the mechanical behavior of rocks under com-
pressive loading is studied using this method [Liu et al., 2004; Wong et al., 2006]. Lattice models have also
been utilized to incorporate the material heterogeneity by changing the strength and size of the lattice ele-
ments [Blair and Cook, 1998a, 1998b; Schlangen and Garboczi, 1997; Schlangen and van Mier, 1992]. These
implicit modeling methods have demonstrated that heterogeneity has a great inﬂuence on the mechanical
behavior of rocks. However, the choice of input properties is to some extent subjective and highly dependent
on the parameters in the statistical distribution.
In the second approach, which is known as the explicit approach, the heterogeneity is explicitly described in
the numerical specimen model to be simulated. For instance, the mineral grains inside the rock specimen
were explicitly reproduced using a Voronoi tessellation technique which was implemented into Universal
Distinct Element Code (UDEC) [Lan et al., 2010]. It was found that the grain scale geometric and elastic het-
erogeneity had a signiﬁcant inﬂuence on the microcracking behavior and macroscopic response of brittle
rocks under uniaxial compression tests. By using this methodology, the crack initiation stress was also found
to be extensively affected by material heterogeneity [Mohsen and Martin, 2014]. Similarly, Potyondy [2010]
developed a grain-based modeling approach in two-dimensional Particle Flow Code (PFC2D) to mimic the
grain-based material such as crystalline rocks. The numerical specimen was generated by matching the grain
size distribution and mineral content which was obtained from laboratory characterization. The above two
methods are based on the principles of discrete element method. The combined ﬁnite-discrete element
method was also proposed to incorporate the microscale heterogeneity explicitly to accurately capture the
mechanical behavior of rocks [Mahabadi et al., 2012]. The microcracking behavior of a rock specimen in
Brazilian tensile test was found to be inﬂuenced by the microscale heterogeneity and microscopic defects
[Mahabadi et al., 2014]. More recently, Manouchehrian and Cai [2016] introduced the material heterogeneity
into an Abaqus model which is an explicit ﬁnite element method using Python scripts. Their simulation
results indicated that heterogeneity had a signiﬁcant effect on the intensity of unstable rock failure in uncon-
ﬁned and conﬁned compression tests.
In our recent study, the grain-based modeling approach in PFC2D was demonstrated to be promising for
studying the microcracking behavior of crystalline granitic rocks [Wong and Maruvanchery, 2016]. The
grain-based model in PFC2D could not only simulate the microcrack initiation and interaction at the grain
boundary but also capture the microcracking events inside the constituent grains. That previously calibrated
model is used in this study to further investigate the inﬂuence of material heterogeneity on the strength and
microcracking behavior of a crystalline rock. By deﬁning a heterogeneity index, the heterogeneity induced by
variation of grain size distribution is explicitly incorporated into the numerical specimens quantitatively. The
rock strength and deformation behavior and the associated microcracking process of numerical models with
different heterogeneity indices are then examined and discussed.
2. Methodology
2.1. Grain-Based Modeling Approach in PFC2D
The grain-basedmodeling approach in PFC2Dwhich was proposed by Potyondy [2010] is used in this study to
investigate the material heterogeneity effect on rock strength and microcracking behavior. The microproper-
ties in a real rock, such as grain size distribution and mineralogical composition, can be reﬂected in the grain-
based model. As illustrated in Figure 1, during the initial disc packing stage, the grain size distribution and
mineralogical composition are assigned with parameters which are determined from the thin section exam-
ination of a rock specimen. The PFC2D grain-based modeling approach generates polygonal grain structure
which is representative of the crystalline rocks. The numerical specimen is generated by overlaying the grain
structure with a number of smaller discs ﬁlling the grains. The discs inside the grains are bonded by parallel
bonds, and the discs along the grain interfaces are assigned with the smooth-joint contacts.
As shown in Figure 2a, in PFC2D, a parallel bond can be envisioned as a set of elastic springs, uniformly dis-
tributed over a rectangular cross section lying on the contact plane and centered at the contact point
between two particles. The smooth-joint contact simulates the behavior of an interface regardless of the local
particle contact orientation along the interface (see Figure 2b). The strength of parallel bond and smooth-
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joint contact is deﬁned by the tensile strength, cohesion, and friction angle. When a parallel bond breaks
(either in shear or tension), the residual strength is controlled by the friction coefﬁcient of the discs in
contact and the disc size, which generates a local dilation and causes the discs to move around each
other. However, when a smooth-joint contact breaks (either in tension or shear), its residual strength is
deﬁned by the smooth-joint friction coefﬁcient. The discs that are located on opposite sides of a smooth-
joint plane can overlap to allow particle sliding along the joint plane (with no local geometric dilation)
rather than forcing the discs to move around one another.
The procedure of generating a grain-based model in PFC2D is not presented here. Interested readers can
refer to Potyondy [2010] or Bahrani et al. [2014] for more details. One merit of the PFC2D grain-based model
Figure 1. Generation of grain-based model in PFC2D. (a) Initial particle packing. (b) Polygonal grain structure (blue lines)
(the initial particles are deleted). (c) Bonded particle model overlaid on the grain structure (three grain types are identi-
ﬁed with different colors). (d) Grain-based model consisting of discs bonded together with parallel bonds (black) inside the
grains and smooth-joint contacts (red) along the interfaces between the grains (reproduced from Potyondy [2010] and
Bahrani et al. [2014]).
Figure 2. Illustration of disc movements after breakage of (a) parallel bond and (b) smooth-joint contact [after Bahrani
et al., 2014].
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is that the model can not only simulate the microcrack initiation and interaction at the grain boundary but
also capture the microcracking behavior inside the grains which is associated with intragranular microcrack-
ing. This method has been demonstrated to be capable of simulating the failure behavior and microcracking
process of crystalline rocks [Bahrani and Kaiser, 2016; Bahrani et al., 2014; Bewick et al., 2014a, 2014b; Hofmann
et al., 2015a, 2015b].
2.2. Numerical Model Setup
In this study, the numerical model comprises four minerals (quartz, K-feldspar, plagioclase, and biotite) which
is the same as that examined in laboratory tests. Grain sizes of different minerals are generally different. The
average grain size Ra of a numerical model is expressed as
Ra ¼
Xm
i¼1
ωi ri; (1)
where ωi and ri are the volume fraction and mean grain size of different constituent minerals, respectively,
and m is the number of associated mineral types.
In order to study the inﬂuence of material heterogeneity, which is induced by the variation of grain size dis-
tribution, on rock strength and microcracking behavior, a dimensionless heterogeneity index H is deﬁned as
H ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃXm
i¼1
ri
Ra
 1
 2vuut : (2)
By changing the grain size of different minerals that constitute a rock, numerical models with different het-
erogeneity indices can be generated. According to the deﬁnition of the heterogeneity index, a larger hetero-
geneity index represents a more heterogeneous model. Table 1 shows the mean grain sizes of minerals ri and
the heterogeneity indices H for the six different numerical models investigated in this study. The average
grain sizes Ra of the numerical models are basically the same, while the heterogeneity indices range from
0 to 1.12.
In our recent study, the microcracking behavior of Singapore Bukit Timah granite (BTG) was simulated using
the PFC2D grain-based model. The studied BTG was composed of approximately 22.3% K-feldspar, 30.4%
quartz, 36.3% plagioclase, and 10.7% biotite. It was found from previous laboratory test results that theminer-
alogical composition had a great inﬂuence on the mechanical properties of rocks [Güneş Yılmaz et al., 2011;
Přikryl, 2001; Sajid et al., 2016; Tuğrul and Zarif, 1999]. To avoid the inﬂuence of mineralogical composition on
the simulation results in this paper, we assign the content of each mineral with equal value, i.e., 25.0%.
The dimensions of the present generated numerical specimen models are 50mm in length and 25mm in
width. They are smaller than those experimentally tested (100mm long and 50mm wide). According to
Potyondy and Cundall [2004], if the particle size is relatively small as compared to the size of the model,
the scale effect is not signiﬁcant for modeling rocks in compressive loading conditions. Reducing the size
of the numerical model will thus not signiﬁcantly affect the simulation results but can improve the computing
efﬁciency. The generated numerical specimen models of different heterogeneity indices are presented in
Figure 3. Note that when the heterogeneity index is equal to 0, the model is homogeneous, consisting of uni-
formly packed regular hexagons.
Table 1. Parameters for the Generated Numerical Grain-Based Models
Specimen
No.
Average Grain
Size, Ra (mm)
Heterogeneity
Index, H
Mean Grain Size of Minerals ri (mm)
K-Feldspar Quartz Plagioclase Biotite
HE1 2.1 1.12 3.0 1.5 3.5 0.5
HE2 1.9 1.02 2.5 1.5 3.0 0.5
HE3 2.0 0.79 2.5 1.5 3.0 1.0
HE4 1.9 0.69 2.5 1.5 2.5 1.0
HE5 2.0 0.35 2.0 2.0 2.5 1.5
HE6 2.0 0 2.0 2.0 2.0 2.0
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The heterogeneity index reﬂects the grain size distribution of the numerical model (see Figure 4). The grain
size becomes more homogeneous when the heterogeneity index decreases from 1.12 to 0. For comparison,
the grain size distribution of the studied BTG (thin solid line) is also shown in Figure 4. The left and right
dashed lines represent the minimum and maximum grain size distributions of BTG tested in the
laboratory, respectively.
2.3. Calibrated Microparameters
Parameter calibration is a critical step in numerical simulation. However, the general calibration procedure in
PFC2D is mainly a trial-and-error process. Many studies have been conducted to examine the relationship
between microparameters and macroproperties which can serve as guidance for the selection of parameters
for a speciﬁc rock type [Fakhimi and Villegas, 2007;Weng and Li, 2012; Yoon, 2007]. To ensure the validation of
parameter calibration, a calibration procedure was developed and the microparameters were calibrated to
match as many macroproperties of the BTG tested in the laboratory as possible in our recent study. These
Figure 3. Numerical models with different heterogeneity indices. The colors indicate different mineral types (red = K-feld-
spar, blue = quartz, green = plagioclase, and magenta = biotite). The specimen dimensions are 50mm in length and 25mm
in width.
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macroproperties include direct tensile
strength (σdt), UCS, Young’s modulus (E),
and compressive strengths under various
conﬁning pressures.
The calibration results in our recent study
are reproduced in Figure 5. The simulated
strength envelope is nonlinear and is com-
parable with that obtained using Hoek-
Brown (H-B) failure criterion. By ﬁtting the
test data using H-B failure criterion, the H-
B model can well capture the strength
behavior of BTG. The ﬁtted UCS (σc) and
material parameter mi are 184.7MPa and
23.2, respectively. The simulated macro-
properties are also summarized in Table 2.
The results reveal that the errors between
the laboratory properties and the simu-
lated values using grain-based model
are within ± 6%.
The microparameters for a parallel bond include the size distribution of particles (Rmax/Rmin and Rmin),
strength of parallel bond (tensile strength σc and cohesion C), stiffness of particles (kn and ks), stiffness of
parallel bond (kn and ks), particle contact modulus (Ec), parallel bond modulus (Ēc), and friction coefﬁcient
between particles (μ). To represent different mechanical properties of the four minerals in this study, the
microparameters should be assigned different values for different grains (particles and parallel bonds).
The smooth-joint contact model was ﬁrst proposed to model the mechanical behavior of joints in fractured
rock masses [Ivars et al., 2011]. The smooth-joint contact is assigned to all contacts between particles that lie
on opposite side of the joint. After the smooth-joint contacts are assigned, parallel bonds at these contacts
are then removed and smooth-joint contacts are imposed in a direction parallel with the joint planes.
Once the smooth-joint contact is created, its stiffness properties are assigned as a factor (i.e., stiffness factor)
of the stiffness inherited from the contact and the two contacting particles, according to the following equa-
tions [Bahrani et al., 2012]:
k
n ¼ kn=Að Þ þ kn; (3)
k
s ¼ ks=Að Þ þ ks; (4)
A ¼ 2Rt; (5)
R ¼ λmin RA; RB ; (6)
where kn and ks are the smooth-joint con-
tact normal stiffness and shear stiffness,
respectively, A is the cross sectional area
of the smooth-joint contact, t is the disc
thickness and equal to 1 for PFC2D pro-
blem, R is the smooth-joint contact radius
(i.e., half length of the smooth-joint con-
tact), which is a multiple, λ, of the two par-
ticle radii, RA and RB.
Table 3 summarizes the calibrated micro-
parameters for the BTG. The moduli, stiff-
ness ratios, and densities of particles, as
well as the moduli, stiffness ratios, tensile
strengths, and cohesions of parallel bonds
are assigned with different values for the
Figure 4. Grain size distributions of numerical models with different
heterogeneity indices. The grain size distributions for the Bukit Timah
granite (BTG) are shown in red.
Figure 5. Comparison of the simulated strength envelope with that
estimated using Hoek-Brown (H-B) failure criterion.
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four different minerals. The calibrated microparameters for different minerals are comparable with the
mineral properties suggested by Bass [1995]. For example, the quartz has the highest strength, modulus,
and cohesion, and the biotite has the highest density. All smooth-joint contacts of different mineral
contacts are assigned with the same set of parameters to reduce the number of calibrated
microparameters and computational iterations. The microparameters listed in Table 3 were proven capable
of modeling strength and deformation behavior and the associated microcracking process of BTG under
different loading conditions in our recent study.
Results obtained from previous three-dimensional compressive laboratory tests were used to calibrate the
microparameters of the two-dimensional PFC grain-based model in this study. This approach is also used
in several other studies [Bahrani et al., 2014; Hofmann et al., 2015a; Yang et al., 2014]. Though the loading con-
dition in conventional triaxial compression tests is different from that of two-dimensional biaxial tests using
PFC2D, the approach is proven capable to simulate the microcracking behavior of BTG. It should be noted
that there are limitations of using PFC2D to account for three-dimensional phenomena observed in labora-
tory tests. However, the grain-based model is easily incorporated in PFC2D, and insights can be obtained
from numerical simulations in PFC2D.
In the following section, numerical simulations of the models under uniaxial compression, conﬁning pres-
sures of 10MPa and 20MPa, and direct tension are conducted based on the microparameters shown in
Table 2. Summary of Results Obtained by Laboratory Tests, H-B Model Fit, and Numerical Simulationa
Properties Laboratory Test Results H-B Model Simulation Results Error (%)
σdt (MPa) 10.1 / 9.5 5.94
E (GPa) 35.5 / 35.7 +0.56
UCS (MPa) 186.8 184.7 187.9 +1.73
σ1@20MPa (MPa) 315.8 366.4 375.7 +2.54
σ1@50MPa (MPa) 576.7 548.8 552.3 +0.64
σ1@80MPa (MPa) 752.1 694.5 662.3 4.64
σ1@110MPa (MPa) 837.3 821.6 786.8 4.24
σ1@140MPa (MPa) 995.9 937.0 888.7 5.51
σ1@170MPa (MPa) 1107.5 1044.1 1001.3 4.10
aFor direct tensile strength (σdt) and Young’s modulus (E), the error is calculated by (Valuesimu Valuelab)/Valuelab.
For compressive strengths under different conﬁning pressures, the error is calculated by (Valuesimu ValueHB)/ValueHB.
Table 3. Summary of Calibrated Microparameters for BTG
Values
Microparameters K-Feldspar Quartz Plagioclase Biotite
Microproperties of the Minerals
Minimum particle radius, Rmin (mm) 0.15 0.15 0.15 0.15
Particle-size ratio, Rmax/Rmin 1.66 1.66 1.66 1.66
Particle-particle contact modulus, Ec (GPa) 20 32 26 12
Contact normal to shear stiffness ratio, kn/ks 1.6 1.0 1.7 1.1
Particle friction coefﬁcient, μ 1.2 1.2 1.2 1.2
Particle density, ρ (kg/m3) 2600 2650 2600 2850
Parallel bond radius multiplier, λ 1 1 1 1
Parallel bond modulus, Ēc (GPa) 20 32 26 12
Parallel bond normal to shear stiffness ratio, kn/ks 1.6 1.0 1.7 1.1
Parallel bond tensile strength, σc (MPa) 376 391 376 360
Parallel bond cohesion, C (MPa) 376 391 376 360
Parallel bond friction angle, ϕ (deg) 30 30 30 30
Microproperties of the Mineral Boundaries (Smooth-Joint Contacts)
Smooth-joint contact normal stiffness factor, α (kn) 0.6
Smooth-joint shear normal stiffness factor, α (kn/ks) 0.8
Smooth-joint bond tensile strength, σb (MPa) 14
Smooth-joint bond cohesion, Cb (MPa) 130
Smooth-joint bond friction angle, ϕb (deg) 30
Smooth-joint bond friction coefﬁcient, μb 1.2
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Table 3. Afterward, inﬂuence of material heterogeneity on the strength evolution andmicrocracking behavior
of BTG will be analyzed and discussed.
Due to the fact that the particles are arbitrarily assembled in the initial disc packing stage and also in the base
material generation stage (see Figure 1), the heterogeneity induced from the difference in assembled particles
of the numerical model is suspected to have an inﬂuence on the simulation results. As such, before the numer-
ical simulations are conducted, the effect of this particle assembly-induced heterogeneity is examined. The
numerical model with heterogeneity index equal to 1.12 is generated 10 times. When the mean grain sizes of
minerals andmineralogical compositions are ﬁxed, the generated numerical models are found to be identical.
After running the generated models with the same parameters listed in Table 3, the simulated stress-strain
behaviors and microcracking evolutions are found to be identical for the 10 models. Therefore, the particle
assembly-induced heterogeneity has no
signiﬁcant inﬂuence on the simulation
results in this study.
3. Results and Discussion
3.1. Deformation Behavior and
Rock Strength
The inﬂuence of grain size heterogeneity
on the simulated stress-strain responses
and rock strength evolutions of the
numerical models will be examined and
discussed in this section.
3.1.1. Stress-Strain Response
The simulated stress-strain responses of
the numerical models under different
Figure 6. Simulated stress-strain curves of numerical models under different loading conditions. (a) Uniaxial compression.
(b) Compression under conﬁning pressure of 10MPa. (c) Compression under conﬁning pressure of 20MPa. (d) Direct
tension.
Figure 7. Strength evolutions of numerical models with the heterogene-
ity index.
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loading conditions are shown in Figure 6. The results reveal that the heterogeneity has a signiﬁcant effect on
the simulated stress-strain curves under compressive conditions. Under uniaxial compression, the stress-
strain curves generally show a brittle manner (see Figure 6a). When the models are loaded under the
conﬁning pressures of 10MPa and 20MPa (see Figures 6b and 6c), the stress-strain curves become more
ductile than those under uniaxial compression. In general, the elastic moduli of the numerical models
under compressive loading increases as the model progresses from heterogeneous to homogeneous.
However, under direct tension condition (see Figure 6d), the heterogeneity does not have an obvious
inﬂuence on the simulated stress-strain curves, especially in the prepeak deformation stage.
3.1.2. Rock Strength Evolution
The strength variations of the numerical models with the heterogeneity indices are illustrated in Figure 7. The
material heterogeneity also has a great effect on the rock strength under compressive loadings. The com-
pressive strength gradually decreases as the heterogeneity index increases from 0 to 1.12; i.e., the more het-
erogeneous the numerical model is, the lower the compressive strengths will be. On the other hand, the
simulated direct tensile strength slightly increases with the increase of heterogeneity index from 0 to 1.12.
However, there is a drop of the strength when the heterogeneity index is equal to 0.79. Mohsen and Martin
[2014] studied the heterogeneity effect on the crack initiation stress and the uniaxial compressive strength
(UCS) of low-porosity crystalline rock using grain-basedmodel in UDEC. They also found that the more homo-
geneous the numerical model was, the higher the crack initiation stress and UCS would be.
3.2. Microcracking Behavior
In the following discussion, the inﬂuence of material heterogeneity, which is induced by the variation of grain
size distribution, on the microcracking behavior (i.e., number, orientation, and position of the induced micro-
cracks) will be analyzed.
3.2.1. Number of Microcracks
Numerous previous studies have revealed that the number of induced microcracks will gradually increase
with the increase of the applied stress [Blake and Faulkner, 2016; Brace et al., 1966; Hadley, 1976;
Tapponnier and Brace, 1976; Wong, 1982b]. In the present study, as an example, the evolutions of crack
count of different types of microcracks, namely, grain boundary microcracks and intragrain microcracks,
during loading of the numerical model HE6 (H=0) are shown in Figure 8. Both types of microcracks
Figure 8. Evolution of microcracks during loading of specimen HE6 (H = 0) under different conditions. (a) Uniaxial compres-
sion. (b) Compression under conﬁning pressure of 10MPa. (c) Compression under conﬁning pressure of 20MPa. (d) Direct
tension.
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gradually increase in number in response to loading. Under uniaxial compression (Figure 8a), most of the
generated microcracks are grain boundary tensile cracks, while no intragrain shear cracks develop during
compression. Some intragrain shear cracks develop during loading when the numerical model is loaded
under conﬁned compression (Figures 8b and 8c). In addition, the development of grain boundary shear
cracks under conﬁned compression is much more favored as compared to that under unconﬁned
compression. In all compressive loading conditions, the grain boundary tensile cracks dominate among
the generated microcrack types, indicating that the failure mechanism is attributed mainly to tensile
cracking under low conﬁning pressures.
As shown in Figure 8d, only grain
boundary tensile cracks are detected
during the entire loading stage of the
model under direct tension condition.
These cracks initiate at a stress level
approximately 80% of the peak
strength, which then multiply rapidly
upon approaching the peak strength.
Figure 9 presents the number of four
different types of microcracks at the
end of the loading process of the
numerical models under different
loading conditions. It is found that
the number of grain boundary tensile
cracks generally decreases with the
decrease of heterogeneity index from
1.12 to 0 under compressive compres-
sion. However, there is no obvious
Figure 9. Number of different types of generated microcracks for different numerical models. (a) Uniaxial compression. (b)
Compression under conﬁning pressure of 10MPa. (c) Compression under conﬁning pressure of 20MPa. (d) Direct tension.
Figure 10. Summary of total number of microcracks generated in differ-
ent numerical models under different conﬁning pressures.
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trend for the development of other types of
microcracks. Similarly, under the direct tension
condition, no obvious relation is found between
the number of grain boundary tensile cracks
and the heterogeneity index. For the numerical
model with the same heterogeneity index,
fewer grain boundary tensile cracks are pro-
duced with the increase of conﬁning pressure,
while the generation of the other three types
of microcracks is more favored as the conﬁning
pressure increases.
The total number of generated microcracks for
different numerical models is also computed
and summarized in Figure 10. The results reveal
that when the heterogeneity index is large (i.e.,
HE1 and HE2), the total number of microcracks
increases with the increase of conﬁning pressure.
However, as the heterogeneity index becomes
lower, the total numbers of generated micro-
cracks are very similar for different conﬁning
pressures. Under the same conﬁning pressure,
the heterogeneity has no signiﬁcant effect on
the total number of generated microcracks.
3.2.2. Orientation of Microcracks
The heterogeneity induced by variation of grain
size distribution has a great inﬂuence on the
orientation of generated microcracks. The inﬂuence of heterogeneity on the inclination angle of microcracks
is discussed in this subsection. As shown in Figure 11, the inclination angle (0 to 180°) is deﬁned as the angle
between the horizontal direction and the microcracking direction in an anticlockwise direction. For example,
if a microcrack orients in the vertical loading direction, the inclination angle is equal to 90°.
Figure 12 illustrates the orientation distribution of generated grain boundary microcracks for numerical mod-
els with different heterogeneity indices under uniaxial compression. The results reveal that the orientation of
grain boundary microcracks is signiﬁcantly affected by the grain size distribution induced heterogeneity,
which is associated with the geometry of assembled grain structure of the numerical model. When the het-
erogeneity index is large, the grain boundary microcracks are generated approximately parallel to the vertical
direction. As the heterogeneity index decreases, althoughmost of the generated grain boundary microcracks
Figure 11. Deﬁnition of inclination angle of the generated
microcracks in the numerical model.
Figure 12. Orientation distribution of the generated grain boundary microcracks in the numerical models with different heterogeneity indices under uniaxial com-
pression. (a) HE1: H = 1.12. (b) HE2: H = 1.02. (c) HE3: H = 0.79. (d) HE4: H = 0.69. (e) HE5: H = 0.35. (f) HE6: H = 0.
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are oriented in the vertical direction, more and more microcracks are found to be inclined at about 60 to 75°
and 105 to 120°. When the numerical model is homogeneous (H= 0), most of the grain boundary microcracks
are generated at about 60° and 120°. The phenomenon is mainly due to the general association of the grain
boundary microcracks and the grain interfaces in the generated numerical models. As shown in Figure 3, as
the numerical model becomes more homogeneous, more grain interfaces tend to be inclined at about 60 to
75° and 105 to 120°.
The orientation distribution of generated intragrain microcracks of different numerical models under uniaxial
compression are presented in Figure 13. The heterogeneity induced by variation of grain size distribution
does not have a pronounced inﬂuence on the orientation of intragrain microcracks, as compared with the
results of grain boundary microcracks. Most of the generated intragrain microcracks incline approximately
parallel or slightly inclined to the vertical loading direction.
Figure 14 presents the variations of orientation of grain boundary microcracks and intragrain microcracks
with the conﬁning pressure for the numerical model with the heterogeneity index equal to 0.69. The rose dia-
grams reveal that the orientation of grain boundary microcracks are generally the same under different con-
ﬁning pressures, indicating that the conﬁnement does not have a signiﬁcant inﬂuence. On the other hand,
the orientation of intragrain microcracks seems to be greatly affected by the conﬁnement. When the numer-
ical model is loaded under uniaxial compression, most of the intragrain microcracks are generated along the
vertical direction. With increase of the conﬁning pressure, more intragrain microcracks are found to incline at
about 30° along the loading direction.
Figure 13. Orientation distribution of the generated intragrain microcracks in the numerical models with different heterogeneity indices under uniaxial compres-
sion. (a) HE1: H = 1.12. (b) HE2: H = 1.02. (c) HE3: H = 0.79. (d) HE4: H = 0.69. (e) HE5: H = 0.35. (f) HE6: H = 0.
Figure 14. Orientation distribution of two types of microcracks in the numerical model HE4 (H = 0.69) under various conﬁning pressures. Grain boundarymicrocracks
under (a) uniaxial compression, (b) conﬁning pressure of 10MPa, and (c) conﬁning pressure of 20MPa. Intragrain microcracks under (d) uniaxial compression,
(e) conﬁning pressure of 10MPa, and (f) conﬁning pressure of 20MPa. (GBM: grain boundary microcrack; IGM: intragrain microcrack).
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Figure 15. Orientation distribution of the generatedmicrocracks in the numerical models with different heterogeneity indices under direct tension. (a) HE1: H = 1.12.
(b) HE2: H = 1.02. (c) HE3: H = 0.79. (d) HE4: H = 0.69. (e) HE5: H = 0.35. (f) HE6: H = 0.
Figure 16. Microcracking behavior of the numerical models with different heterogeneity indices under uniaxial
compression. The different minerals are identiﬁed (Q: quartz, K: K-feldspar, P: plagioclase, and biotite is not labeled).
Green segments represent grain boundaries, magenta and black segments represent grain boundary tensile and shear
cracks, respectively, and red segments represent intragrain tensile cracks.
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Figure 15 illustrates the orientations of the generatedmicrocracks for different numerical models under direct
tension. The results reveal that the material heterogeneity has a great inﬂuence on the orientations of the
generated microcracks in direct tensile loading condition. When the heterogeneity index is high, most of
the generated microcracks are approximately perpendicular or inclined at about 60° to the vertical loading
direction. As the heterogeneity index gradually decreases, most of the generated microcracks are inclined at
about 60 or 80° to the vertical direction. Most of the generated microcracks are approximately perpendicular
to the vertical loading direction when the numerical model becomes highly homogeneous.
3.2.3. Pattern of Microcracks
The spatial distributions of different types of microcracks for numerical models with different heterogeneity
indices under uniaxial compression are presented in Figure 16. The results reveal that the pattern of gener-
ated microcracks varies with the heterogeneity index. When the heterogeneity index is relatively high, the
generated microcracks are generally uniformly distributed in the model, with the orientation of microcracks
varying in a relatively large range. As the numerical model becomes more homogeneous, the interaction of
Figure 17. Microcracking behavior of the numerical models with different heterogeneity indices under the conﬁning pres-
sure of 10MPa. The differentminerals are identiﬁed (Q: quartz, K: K-feldspar, P: plagioclase, and biotite is not labeled). Green
segments represent grain boundaries, magenta and black segments represent grain boundary tensile and shear cracks,
respectively, and red and blue segments represent intragrain tensile and shear cracks, respectively.
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generated microcracks tends to form more macroscopic fractures which are oriented approximately in the
vertical direction. Because the homogeneous numerical model (H= 0) is uniformly assembled with regular
hexagons, when the numerical model is loaded, the microcracks are generally generated along the
subvertical grain interfaces, which will eventually form vertical macroscopic fractures. The lateral dilation in
this condition is much larger than those with large heterogeneity indices.
Figure 17 illustrates the distributions of different types of microcracks for numerical models with different
heterogeneity indices under the conﬁning pressure of 10MPa. Similarly, the heterogeneity of the numerical
model has a signiﬁcant effect on the pattern of the generated microcracks. When the heterogeneity index is
large, more grain boundary tensile cracks develop in the model. The generated microcracks are distributed
more uniformly than in the models with much lower heterogeneity indices. As the numerical model becomes
more homogeneous, more intragrain cracks develop in the model. In addition, the development of intragrain
cracks is more favored under the conﬁning pressure of 10MPa as compared to the results under
uniaxial compression.
Figure 18. Microcracking behavior of the numerical models with different heterogeneity indices under the conﬁning pres-
sure of 20MPa. The differentminerals are identiﬁed (Q: quartz, K: K-feldspar, P: plagioclase, and biotite is not labeled). Green
segments represent grain boundaries, magenta and black segments represent grain boundary tensile and shear cracks,
respectively, and red and blue segments represent intragrain tensile and shear cracks, respectively.
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Due to the applied conﬁning pressure, the lateral dilation of the numerical model during loading is
constrained. The high stress concentration in the homogeneous model (H=0) will induce intensive micro-
cracking inside the grains. Under the conﬁning pressure of 10MPa, the grain boundary cracks still dominate
among the generated microcracks. Because the grain boundary cracks are associated with grain interfaces,
with fewer intragrain cracks developed, the macroscopic fractures of numerical models with higher hetero-
geneity indices are still basically in the vertical direction. However, as the heterogeneity index becomes smal-
ler, the interaction of grain boundary cracks and more developed intragrain cracks will result in more
prominent macroscopic shear bands.
The distributions of different types of microcracks for numerical models with different heterogeneity indices
under the conﬁning pressure of 20MPa are shown in Figure 18. As compared with the results under uniaxial
compression and the conﬁning pressure of 10MPa, more intragrain cracks develop in the model due to the
higher applied conﬁning pressure. When the crack density is sufﬁciently high, the interaction and coales-
cence of grain boundary microcracks and intragrain microcracks lead to the formation of macroscopic shear
bands. The results are in good agreement with microscopic observation of the Westerly granite byMoore and
Lockner [1995]. When the heterogeneity index is large, the generated microcracks are found to be relatively
uniform. As the numerical model becomes more homogeneous, more intragrain cracks develop in the model
and the inducedmacroscopic shear band is more prominent than the results of numerical models with much
higher heterogeneity indices.
Because all of the smooth-joint contacts which are associated with the grain boundaries (grain interfaces) are
assigned with the same set of microparameters (see Table 3), the generated grain boundary cracks are basi-
cally uniformly distributed in different mineral-mineral contacts under compressive loading. However, the
parallel bonds for different minerals which are associated with intragrain cracking are assigned with different
sets of microparameters. The properties of intragrain cracks under compressive loading are retrieved from
the numerical results and discussed as follows.
Table 4 summarizes the identiﬁed intragrain cracks in different minerals under compressive loading condi-
tion. The results reveal that with the increase of the conﬁning pressure, the number of generated intragrain
cracks for different numerical models gradually increase. For numerical models under the same conﬁning
pressure, as the model becomes more homogeneous, more intragrain cracks are formed, even though fewer
grains are generated. The high capacity of sustaining microcracking contributes to high rock strength of the
Table 4. Number of Intragrain Tensile and Shear Microcracks Generated in Different Minerals Under Compressive
Loading Conditiona
σ3 (MPa)
Heterogeneity
Index, H
Number of Grains
Number of Intragrain Tensile
Cracks
Number of Intragrain Shear
Cracks
Q K P B Q K P B Total Q K P B Total
0 1.12 14 48 10 336 15 7 7 12 41 0 0 0 0 0
1.02 17 46 18 348 23 3 8 39 73 0 0 0 0 0
0.79 17 48 17 94 74 13 31 25 143 0 0 0 0 0
0.69 16 48 18 119 55 20 14 20 109 0 0 0 0 0
0.35 27 34 16 48 68 29 25 26 148 1 1 0 0 2
0 32 25 25 27 38 16 16 15 85 1 0 0 0 1
10 1.12 14 48 10 336 43 6 14 39 102 0 0 0 0 0
1.02 17 46 18 348 89 19 26 117 251 2 0 0 0 2
0.79 17 48 17 94 74 19 97 31 221 4 0 5 0 9
0.69 16 48 18 119 75 13 40 36 164 3 0 2 0 5
0.35 27 34 16 48 83 64 40 45 232 3 3 2 0 8
0 32 25 25 27 128 119 172 65 484 12 7 9 5 33
20 1.12 14 48 10 336 92 23 28 87 230 9 0 0 0 9
1.02 17 46 18 348 154 119 39 202 514 19 8 4 0 31
0.79 17 48 17 94 116 33 164 75 388 11 1 8 2 22
0.69 16 48 18 119 170 29 92 114 405 10 2 5 6 23
0.35 27 34 16 48 146 200 123 88 557 12 13 8 6 39
0 32 25 25 27 148 59 139 37 383 14 4 10 2 30
aQ: quartz, K: K-feldspar, P: plagioclase, and B: biotite.
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numerical model. That is why the rock strength of homogeneous model is higher than that of heterogeneous
model (section 3.1.2).
It is also seen from Table 4 that most of the intragrain cracks (both tensile and shear) generally develop in
quartz (except the numerical models with heterogeneity indices equal to 0.35 and 0.79 under the conﬁn-
ing pressure of 20MPa). This is mainly due to the fact that the particle-particle contact modulus, and
parallel bond modulus and strength in the quartz mineral are assigned with the highest value as com-
pared with the values of other minerals (see Table 3). Many researchers investigated the microcracking
behavior of crystalline rocks and found that the intragrain cracks occurred mostly in quartz grains
[Akesson et al., 2004; Moore and Lockner, 1995; Peng and Johnson, 1972; Sprunt and Brace, 1974;
Tapponnier and Brace, 1976; Tullis and Yund, 1977]. These observations are in good agreement with the
simulation results in this study.
Figure 19 presents the distributions of generated microcracks for numerical models with different heteroge-
neity indices under direct tension. For all numerical models, the coalescence of grain boundary tensile cracks
Figure 19. Microcracking behavior of the numerical models with different heterogeneity indices under direct tension. The
different minerals are identiﬁed (Q: quartz, K: K-feldspar, P: plagioclase, and biotite is not labeled). Green segments
represent grain boundaries and magenta segments represent grain boundary tensile cracks.
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will eventually form a macroscopic fracture which is approximately perpendicular to the vertical direction.
However, the position of the generated macroscopic fracture varies with the heterogeneity indices. When
the heterogeneity index is large or equal to 0, the macroscopic fracture develops in the middle portion of
themodel. On the other hand, when the heterogeneity index is at amoderate value, themacroscopic fracture
appears close to the top/bottom end of the numerical model. Meanwhile, when the heterogeneity index is
not equal to 0, the generated macroscopic fractures tend to be along the minerals with large grain size. In
other words, the section of macroscopic fracture is generally associated with the smallest number of adjacent
mineral grains/boundaries.
4. Conclusions
This paper numerically investigates the inﬂuence of one aspect of material heterogeneity with respect to
grain size variation on the strength and deformation behavior and the associated microcracking process of
a crystalline rock containing quartz, K-feldspar, plagioclase, and biotite. A heterogeneity index is deﬁned to
quantity the grain size distribution induced material heterogeneity. By using the deﬁned heterogeneity
index, the material heterogeneity is explicitly incorporated into the PFC2D numerical models adopting a
grain-based modeling approach. The numerical models under different loading conditions, namely, uniaxial
compression, compressions under conﬁning pressures of 10MPa and 20MPa, and direct tension are
then investigated.
The simulation results reveal that the material heterogeneity has a signiﬁcant inﬂuence on the simulated
stress-strain responses and rock strength. Under compressive loading, the peak strength and the elastic mod-
ulus in general increase as the numerical model gradually progresses from heterogeneous to homogeneous.
A brittle to ductile transition behavior is observed in the simulated stress-strain curves as the applied conﬁn-
ing pressure increases. However, under direct tension condition, the material heterogeneity seems to have
no signiﬁcant inﬂuence on the mechanical behavior.
The microcracking behavior is also found to be greatly affected by material heterogeneity. Under compres-
sive loading, as the numerical model becomes more homogeneous, the number of generated grain bound-
ary tensile cracks gradually decreases and the number of intragrain cracks (both tensile and shear) increases.
However, the total number of generated microcracks seems not to be inﬂuenced by heterogeneity. The
orientation of grain boundary microcracks is mainly controlled by the geometry of assembled grain structure
of the numerical specimen model, while the orientation of intragrain microcracks is to a large degree inﬂu-
enced by the conﬁnement. The results also reveal that the development of intragrain cracks (both tensile
and shear) is much more favored in quartz than in the other minerals, which is in good agreement with
the previous observations in laboratory tests. Only grain boundary tensile cracks are produced when the
numerical models are loaded in direct tension. Material heterogeneity has a more signiﬁcant inﬂuence on
the position of eventual macroscopic fracture rather than the total number of generated microcracks.
To conclude, this study focuses on the issues of material heterogeneity at mineral scale. This study reveals
that the material heterogeneity has a signiﬁcant inﬂuence on the strength and deformation behavior and
the associated microcracking process of crystalline rocks. As such, heterogeneity should be carefully taken
into consideration in numerical study of the mechanical behavior of crystalline rocks under different
loading conditions.
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